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Statistical Methods for Machine Learning II STA414

In this assignment, I’ll fit both generative and discriminative models to the MNIST dataset
of handwritten numbers. Each datapoint in the MNIST [http://yann.lecun.com/exdb/mnist/]
dataset is a 28x28 black-and-white image of a number in {0 . . . 9}, and a label indicating which
number.

MNIST is the ’fruit fly’ of machine learning - a simple standard problem useful for comparing
the properties of different algorithms.

For this assignment, I’ll binarize the dataset, converting the grey pixel values to either black or
white (0 or 1) with > 0.5 being the cutoff. When comparing models, I’ll need a training and test
set. Use the first 60000 samples for training, and another 10000 for testing.

1. Fitting a Näıve Bayes Model

(a) Derive MLE for the class-conditional pixel means, θ̂MLE

L(θ) = P (Xi, c|θ, π) = πc

784∏
d=1

θ
xi
d

cd (1− θcd)(1−x
i
d)

=⇒ l(θ) = log(L(θ)) =

N∑
i=1

(log πic +

784∑
d=1

(xid log θcd + (1− xid) log (1− θcd)))

argmax
θ

l(θ) s.t.

10∑
c

πc = 1

=⇒ ∂l

∂θcd
=

N∑
i

1(Ci = c)(
xid
θcd
− 1− xid

1− θcd
) = 0

=⇒
N∑
i

1(Ci = c)θcd =

N∑
i

1(Ci = c)xid

=⇒ θ̂MLE
cd =

∑N
i 1(Ci = c)xid∑N
i 1(Ci = c)

where c ∈ {0, ..., 9}, d ∈ {1, ..., 784}

(b) Derive MAP for the class-conditional pixel means, θ̂MAP

P (θ|x, c, π) ∝ P (θ)P (x, c|θ,π) where θcd ∼ Beta(2,2)

l(θ) = logP (θ) + logP (x, c|θ,π) + constant

= log(θcd(1− θcd)) + log πic +

784∑
d=1

(xid log θcd + (1− xid) log(1− θcd)) + constant
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=⇒ ∂l

∂θcd
= (

1

θcd
− 1

1− θcd
) +

N∑
i=1

1(Ci = c)(
xid
θcd
− 1− xid

1− θcd
) = 0

=⇒ (1− θcd)− θcd +

N∑
i=1

1(Ci = c)(xid(1− θcd)− (1− xid)θcd) = 0

=⇒ θ̂MAP
cd =

∑N
i=1 1(Ci = c)xid + 1∑N
i=1 1(Ci = c) + 2

(c) Fit θ̂MAP to the training set. Plot θ̂MAP as 10 separate greyscale images, one
for each class.

(d) Derive the log-likelihood log p(c|x,θ, π) for a single training image

logP (c|x,θ, π) = logP (x|c,θ) + logP (c|π)− logP (x)

= log

784∏
d=1

P (xd|c, θcd) + logP (c|π)− log

9∑
c=0

P (x|C = c)P (C = c)

=

784∑
d=1

(xd log θcd + (1− xd) log(1− θcd)) + log πc − log

9∑
c=0

πc

784∏
d=1

θxd

cd (1− θcd)(1−xd)

(e) Given parameters fit to the training set, and πc = 1
10 :

the average log-likelihood per datapoint on the training set: -3.15

the average log-likelihood per datapoint on the test set: -2.98

the accuracy on the training set: 0.834

the accuracy on the test set: 0.845

2. Generating from a Näıve Bayes Model
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(a) True: Given this model’s assumptions, any two pixels xi and xj where i 6= j are inde-
pendent given c.

This is the assumption of Näıve Bayes model.

(b) False: Given this model’s assumptions, any two pixels xi and xj where i 6= j are
independent when marginalizing over c.

xi, xj are not independent since p(xi, xj) =
∑
c p(xi, xj |c) =

∑
c p(xi|c)p(xj |c) and

p(xi)p(xj) =
∑
c p(xi|c)

∑
c p(xj |c). So, p(xi, xj) 6= p(xi)p(xj

(c) Using the parameters fit in question 1, randomly sample and plot 10 binary
images from the marginal distribution p(x|θ,π).

(d) Derive p(xi∈bottom|xtop,θ,π)

p(xi∈bottom|xtop) =
∑
c

p(xi|xt, c)p(c|xt)

=
∑
c

p(xi|c)
p(xt|c)p(c)
p(xt)

=
∑
c

p(xi|c)
∏392
d=1 p(x

d
t |c)p(c)∑

c′
∏392
d=1 p(x

d
t |c′)p(c′)

=

∑9
c=0 θ

xi
ci (1− θci)(1−xi)

∏392
d=1 θ

xd
t

cd (1− θcd)(1−x
d
t )πc∑9

c′=0

∏392
d=1 θ

xd
t

c′d(1− θc′d)(1−x
d
t )πc′

(e) For 20 images from the training set, plot the top half the image concatenated
with the marginal distribution over each pixel in the bottom half.
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3. Logistic Regression
Our model will be multiclass logistic regression:

p(c|x,w) =
exp(wT

c x)∑9
c′=0 exp(wT

c′x)

(a) This model has 7840 parameters. Since each data point xi is a vector with dimension
781 * 1, and there are 10 classes in total. So, it’s 784× 10 = 7840

(b) Derive the gradient of the predictive log-likelihood w.r.t. w: ∇w log p(c|x,w)

logP (C|x,w) = wT
c x− log

9∑
c′=0

exp(wT
c′x)

To compute ∇wj
logP (C|x,w),

if j = c =⇒ ∇wc logP (C|x,w) = x− exp(wT
c x)∑9

c′=0 exp(wT
c′x)

x

if j 6= c =⇒ ∇wj
logP (C|x,w) = −

exp(wT
j x)∑9

c′=0 exp(wT
c′x)

x

Also, ∇wc log

N∏
i=1

P (Ci|xi,w) =

N∑
i=1

∇wc logP (Ci|xi,w)

=

N∑
i=1

1(Ci = c)(xi −
exp(wT

c xi)∑9
c′=0 exp(wT

c′xi)
xi)

(c) The plot of weights, W , one image per class:
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(d) Given parameters fit to the training set:

the average log-likelihood per datapoint on the training set: -0.61

the average log-likelihood per datapoint on the test set: -0.58

the accuracy on the training set: 0.85

the accuracy on the test set: 0.86

The logistic regression has a better performance than Näıve Bayes both in training and
test sets.

4. Unsupervised Learning

(a) First, we will generate some data for this problem. Set the number of points N = 400,
their dimension D = 2, and the number of clusters K = 2, and generate data from the
distribution p(x|Ck) = N (µk,Σk). Sample 200 data points for C1 and 200 for C2
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(b) Now, we assume that the true class labels are not known and implement the
k-means algorithm.

The misclassification error for k mean: 0.255
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(c) Next, implement the EM algorithm for Gaussian mixtures.

The misclassification error for Gaussian mixtures: 0.08

(d) Comments:
As we can see the plots from (b) and (c), resulting centers are very different from true
means in the K mean algorithm while the centers are almost the same in the EM algo-
rithm. Thus, we had a poor clustering performance in K mean and a good performance
in EM. Regarding to the number of iterations, we can see that K mean converges in only
a few steps, within 5 iterations while EM takes more than 30 iterations. If I change the
covariace matrix to:

Σ1 = Σ2 =

[
1 7
7 1

]
then both K mean and EM have good performances and K mean converges faster than
EM. So by hint, in most cases, k-means should fail to identify the correct cluster labels
due to the covariance structure. There may be realizations that EM also fails to find the
clusters correctly but in general it should work better than k-means.
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Appendix
Python Code

loadMNIST.py

1 from f u t u r e import abso lu te impor t
2 from f u t u r e import p r i n t f u n c t i o n
3 from fu tu r e . s t anda rd l i b r a r y import i n s t a l l a l i a s e s
4 i n s t a l l a l i a s e s ( )
5

6 import numpy as np
7 import os
8 import gz ip
9 import s t r u c t

10 import array
11

12 import matp lo t l i b . pyplot as p l t
13 import matp lo t l i b . image
14 from u r l l i b . r eque s t import u r l r e t r i e v e
15

16 de f download ( ur l , f i l ename ) :
17 i f not os . path . e x i s t s ( ’ data ’ ) :
18 os . makedirs ( ’ data ’ )
19 o u t f i l e = os . path . j o i n ( ’ data ’ , f i l ename )
20 i f not os . path . i s f i l e ( o u t f i l e ) :
21 u r l r e t r i e v e ( ur l , o u t f i l e )
22

23 de f mnist ( ) :
24 ba s e u r l = ’ http :// yann . l ecun . com/exdb/mnist / ’
25

26 de f p a r s e l a b e l s ( f i l ename ) :
27 with gz ip . open ( f i l ename , ’ rb ’ ) as fh :
28 magic , num data = s t r u c t . unpack ( ”>I I ” , fh . read (8 ) )
29 r e turn np . array ( array . array ( ”B” , fh . read ( ) ) , dtype=np . u int8 )
30

31 de f parse images ( f i l ename ) :
32 with gz ip . open ( f i l ename , ’ rb ’ ) as fh :
33 magic , num data , rows , c o l s = s t r u c t . unpack ( ”> I I I I ” , fh . read (16) )
34 r e turn np . array ( array . array ( ”B” , fh . read ( ) ) , dtype=np . u int8 ) . reshape (

num data , rows , c o l s )
35

36 f o r f i l ename in [ ’ t ra in−images−idx3−ubyte . gz ’ ,
37 ’ t ra in−l a b e l s−idx1−ubyte . gz ’ ,
38 ’ t10k−images−idx3−ubyte . gz ’ ,
39 ’ t10k−l a b e l s−idx1−ubyte . gz ’ ] :
40 download ( ba s e u r l + f i l ename , f i l ename )
41

42 t r a in image s = parse images ( ’ data/ t ra in−images−idx3−ubyte . gz ’ )
43 t r a i n l a b e l s = p a r s e l a b e l s ( ’ data/ t ra in−l a b e l s−idx1−ubyte . gz ’ )
44 t e s t image s = parse images ( ’ data/ t10k−images−idx3−ubyte . gz ’ )
45 t e s t l a b e l s = p a r s e l a b e l s ( ’ data/t10k−l a b e l s−idx1−ubyte . gz ’ )
46

47 r e turn t ra in images , t r a i n l a b e l s , t e s t images , t e s t l a b e l s
48

49
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50 de f load mnis t ( ) :
51 p a r t i a l f l a t t e n = lambda x : np . reshape (x , ( x . shape [ 0 ] , np . prod (x . shape [ 1 : ] ) ) )
52 one hot = lambda x , k : np . array (x [ : , None ] == np . arange (k ) [ None , : ] , dtype=in t )
53 t ra in images , t r a i n l a b e l s , t e s t images , t e s t l a b e l s = mnist ( )
54 t r a in image s = p a r t i a l f l a t t e n ( t r a in image s ) / 255 .0
55 t e s t image s = p a r t i a l f l a t t e n ( t e s t image s ) / 255 .0
56 t r a i n l a b e l s = one hot ( t r a i n l a b e l s , 10)
57 t e s t l a b e l s = one hot ( t e s t l a b e l s , 10)
58 N data = t ra in image s . shape [ 0 ]
59

60 r e turn N data , t ra in images , t r a i n l a b e l s , t e s t images , t e s t l a b e l s
61

62

63 de f p lo t images ( images , ax , ims per row=5, padding=5, d i g i t d imen s i on s =(28 , 28) ,
64 cmap=matp lo t l i b . cm . binary , vmin=None , vmax=None ) :
65 ””” Images should be a ( N images x p i x e l s ) matrix . ”””
66 N images = images . shape [ 0 ]
67 N rows = np . in t32 (np . c e i l ( f l o a t ( N images ) / ims per row ) )
68 pad value = np . min ( images . r av e l ( ) )
69 concat images = np . f u l l ( ( ( d i g i t d imen s i on s [ 0 ] + padding ) ∗ N rows + padding ,
70 ( d i g i t d imen s i on s [ 1 ] + padding ) ∗ ims per row + padding

) , pad value )
71 f o r i in range ( N images ) :
72 cur image = np . reshape ( images [ i , : ] , d i g i t d imen s i on s )
73 row ix = i // ims per row
74 c o l i x = i % ims per row
75 r ow s ta r t = padding + ( padding + d i g i t d imen s i on s [ 0 ] ) ∗ row ix
76 c o l s t a r t = padding + ( padding + d i g i t d imen s i on s [ 1 ] ) ∗ c o l i x
77 concat images [ r ow s ta r t : r ow s ta r t + d i g i t d imen s i on s [ 0 ] ,
78 c o l s t a r t : c o l s t a r t + d i g i t d imen s i on s [ 1 ] ] = cur image
79 cax = ax . matshow( concat images , cmap=cmap , vmin=vmin , vmax=vmax)
80 p l t . x t i c k s (np . array ( [ ] ) )
81 p l t . y t i c k s (np . array ( [ ] ) )
82 r e turn cax
83

84 de f save images ( images , f i l ename , ∗∗kwargs ) :
85 f i g = p l t . f i g u r e (1 )
86 f i g . c l f ( )
87 ax = f i g . add subplot (111)
88 p lo t images ( images , ax , ∗∗kwargs )
89 f i g . patch . s e t v i s i b l e ( Fa l se )
90 ax . patch . s e t v i s i b l e ( Fa l se )
91 p l t . s a v e f i g ( f i l ename )

model.py

1 from loadMNIST import ∗
2 from sc ipy . s p e c i a l import logsumexp
3 import time
4 np . random . seed (1 )
5

6

7 COLORS = [ ” ind ianred ” , ” pa l ego ldenrod ” , ” black ” , ” gray” ]
8

9

10 de f g e t image s by l ab e l ( images , l ab e l s , qu e r y l ab e l ) :
11 ”””
12 Helper func t i on to re turn a l l images in the provided array which match the query

l a b e l .
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13 ”””
14 a s s e r t images . shape [ 0 ] == l a b e l s . shape [ 0 ]
15 match ing ind i c e s = l a b e l s == que ry l ab e l
16 r e turn images [ match ing ind i c e s ]
17

18

19 c l a s s NaiveBayes :
20 ”””
21 Q1, Naive Bayes model .
22 ”””
23 de f i n i t ( s e l f , t ra in images , t r a i n l a b e l s ) :
24 s e l f . t r a in image s = t ra in image s
25 s e l f . t r a i n l a b e l s = t r a i n l a b e l s
26

27 de f map naive bayes ( s e l f , p l o t=Fal se ) :
28 ”””
29 r e turn a matrix 10 ∗ 784 where each row r ep r e s en t s a c l a s s .
30 ”””
31 theta = np . z e r o s ( (10 , 784) )
32 f o r c in range (10) :
33 images = ge t image s by l ab e l ( s e l f . t ra in images , s e l f . t r a i n l a b e l s , c )
34 theta [ c ] = np . d i v id e (np . sum( images , ax i s=0) + 1 . , images . shape [ 0 ] + 2 . )
35 i f p l o t :
36 save images ( theta , ” theta map . png” )
37 r e turn theta
38

39 de f l o g l i k e l i h o o d ( s e l f , X, y , theta ) :
40 ”””
41 r e turn a matrix N ∗ 10 where each row r ep r e s en t s l og l i k e l i h o o d o f a data point ,
42 and each column r ep r e s en t s l og l i l i h o o d o f a c l a s s .
43 ”””
44 l l = np . z e r o s ( (X. shape [ 0 ] , 10) )
45 l o g p x = logsumexp (np . l og ( 0 . 1 ) + np . dot (X, np . l og ( theta .T) ) + np . dot ( ( 1 . − X) ,

np . l og ( 1 . − theta .T) ) , ax i s=1)
46 f o r c in range (10) :
47 l l [ : , c ] = np . dot (X, np . l og ( theta [ c ] ) ) + np . dot ( ( 1 . − X) , np . l og ( 1 . − theta [ c

] ) ) + np . l og ( 0 . 1 ) − l o g p x
48 r e turn l l
49

50 de f a v g l o g l i k e l i h o o d ( s e l f , X, y , theta ) :
51 l l = 0
52 f o r c in range (10) :
53 X c = ge t image s by l ab e l (X, y , c )
54 l o g p x = logsumexp (np . l og ( 0 . 1 ) + np . dot (X c , np . l og ( theta .T) ) + np . dot ( ( 1 . −

X c ) , np . l og ( 1 . − theta .T) ) , ax i s=1)
55 l l += np . sum(np . dot (X c , np . l og ( theta [ c ] ) ) + np . dot ( ( 1 . − X c ) , np . l og ( 1 . −

theta [ c ] ) ) + np . l og ( 0 . 1 ) − l o g p x )
56 r e turn l l / X. shape [ 0 ]
57

58 de f p r ed i c t ( s e l f , X, y , theta , t r a i n=False , t e s t=False ) :
59 l l = s e l f . l o g l i k e l i h o o d (X, y , theta )
60 pred = np . argmax ( l l , a x i s=1)
61 a v g l l = s e l f . a v g l o g l i k e l i h o o d (X, y , theta )
62 accuracy = np .mean( pred == y)
63 name = ” t e s t ” i f t e s t e l s e ” t r a i n ”
64 pr in t ( ” average log−l i k e l i h o o d o f na ive bayes model on the {} s e t : ” . format (name)

+ s t r ( a v g l l ) )
65 pr in t ( ” accuracy o f na ive bayes model on the {} s e t : ” . format (name) + s t r (
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accuracy ) )
66

67

68 c l a s s GenerativeNaiveBayes :
69 ”””
70 Q2, Generating from a Naive Bayes Model
71 ”””
72 de f i n i t ( s e l f , theta ) :
73 s e l f . theta = theta
74

75 de f sample p lo t ( s e l f ) :
76 ”””
77 randomly sample and p lo t 10 binary images from the marginal d i s t r i bu t i o n , p(x |

theta , p i )
78 ”””
79 c = np . random . mult inomial (10 , [ 0 . 1 ] ∗ 1 0 )
80 images = np . z e r o s ( ( 10 , 784) )
81 count = 0
82 f o r i in range (10) :
83 f o r j in range ( ( c [ i ] ) ) :
84 images [ count ] = np . random . binomial (1 , s e l f . theta [ i ] ) . reshape ( ( 1 , 784) )
85 count += 1
86 save images ( images , ” samples . png” )
87

88 de f p r e d i c t h a l f ( s e l f , X top ) :
89 ”””
90 p lo t the top ha l f the image concatenated with the marginal d i s t r i b u t i o n over

each p i x e l in the bottom ha l f .
91 ”””
92 X bot = np . z e r o s ( ( X top . shape [ 0 ] , X top . shape [ 1 ] ) )
93 theta top , the ta bot = s e l f . theta [ : , : 3 9 2 ] .T, s e l f . theta [ : , 3 9 2 : ] .T
94 f o r i in range (392) :
95 constant = np . dot (X top , np . l og ( the ta top ) ) + np . dot (1 − X top , np . l og (1 −

the ta top ) )
96 X bot [ : , i ] = logsumexp (np . add ( constant , np . l og ( the ta bot [ i ] ) ) , ax i s=1) −

logsumexp ( constant , ax i s=1)
97 save images (np . concatenate ( ( X top , np . exp (X bot ) ) , ax i s=1) , ” p r e d i c t h a l f . png” )
98

99

100 c l a s s Log i s t i cReg r e s s i on :
101 ”””
102 Q3, F i t t i n g a s imple p r e d i c t i v e model us ing grad i en t descent .
103 Our model w i l l be mu l t i c l a s s l o g i s t i c r e g r e s s i o n .
104 ”””
105 de f i n i t ( s e l f , t ra in images , t r a i n l a b e l s ) :
106 s e l f . t r a in image s = t ra in image s
107 s e l f . t r a i n l a b e l s = t r a i n l a b e l s
108 s e l f .W = np . z e ro s ( ( 10 , 784) )
109

110 de f softmax ( s e l f , X, W) :
111 ”””
112 r e turn a N ∗ 10 vec to r where each row i s a data po int
113 and each column i s the p r obab i l i t y o f that c l a s s .
114 ”””
115 r e turn (np . exp (np . dot (X, W.T) ) .T / np . exp ( logsumexp (np . dot (X, W.T) , ax i s=1) ) ) .T
116

117 de f g r a d p r e d l l ( s e l f , X, W, c ) :
118 ”””

11
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119 This func t i on c a l c u l a t e the g rad i en t o f the p r e d i c t i v e log−l i k e l i h o o d .
120 r e turn a 1 ∗ 784 vec to r
121 ”””
122 constant = np . exp ( logsumexp (np . dot (X, W.T) , ax i s=1) )
123 r e turn np . sum(X − (X.T ∗ np . d i v id e (np . exp (np . dot (X, W[ c ] ) ) , constant ) ) .T, ax i s

=0)
124

125 de f g r ad i en t a s c en t ( s e l f , l r =0.00001 , i t e r s =100) :
126 f o r in range ( i t e r s ) :
127 prob = s e l f . softmax ( s e l f . t ra in images , s e l f .W)
128 pred = np . argmax ( prob , ax i s=1)
129 accuracy = np .mean( pred == s e l f . t r a i n l a b e l s )
130 pr in t ( ” t r a i n i n g accuracy : {} , i t e r a t i o n s : {}/{}” . format ( round ( accuracy , 2) , ,

i t e r s ) )
131 f o r c in range (10) :
132 X c = ge t image s by l ab e l ( s e l f . t ra in images , s e l f . t r a i n l a b e l s , c )
133 s e l f .W[ c ] = s e l f .W[ c ] + l r ∗ s e l f . g r a d p r e d l l (X c , s e l f .W, c )
134

135 de f l o g l i k e l i h o o d ( s e l f , X, y , W) :
136 l l = 0
137 f o r c in range (10) :
138 X c = ge t image s by l ab e l (X, y , c )
139 l l += np . sum(np . dot (X c , W[ c ] ) − logsumexp (np . dot (X c , W.T) , ax i s=1) )
140 r e turn l l / X. shape [ 0 ]
141

142 de f p r ed i c t ( s e l f , X, y , t r a i n=False , t e s t=Fal se ) :
143 i f t r a i n :
144 s e l f . g r ad i en t a s c en t ( )
145 save images ( s e l f .W, ”weights . png” )
146 a v g l l = s e l f . l o g l i k e l i h o o d (X, y , s e l f .W)
147 pred = np . argmax ( s e l f . softmax (X, s e l f .W) , ax i s=1)
148 accuracy = np .mean( pred == y)
149 name = ” t e s t ” i f t e s t e l s e ” t r a i n ”
150 pr in t ( ” average log−l i k e l i h o o d o f softmax model on the {} s e t : ” . format (name) +

s t r ( a v g l l ) )
151 pr in t ( ” accuracy o f softmax model on the {} s e t : ” . format (name) + s t r ( accuracy ) )
152

153

154 c l a s s EM:
155 ”””
156 Q4, EM algor i thm f o r K means and Gaussian mixtures .
157 ”””
158 de f i n i t ( s e l f , i n i t i a l s , c1 , c2 ) :
159 s e l f . i n i t i a l s = i n i t i a l s
160 s e l f . data = np . concatenate ( ( c1 , c2 ) , ax i s=0)
161 s e l f .N, s e l f .D = s e l f . data . shape # Data i s a N ∗ D matrix , and here N=400 ,

D=2
162

163 # I n i t i a l va lue s f o r K mean and GMM
164 s e l f . miu hat = np . concatenate ( ( s e l f . i n i t i a l s [ ’MIU1 HAT ’ ] , s e l f . i n i t i a l s [ ’

MIU2 HAT ’ ] ) , ax i s=0) . reshape ( ( 2 , 2 ) )
165 s e l f . c l u s t e r s = np . concatenate ( ( np . z e r o s ( i n t ( s e l f .N/2) ) , np . ones ( i n t ( s e l f .N/2) ) )

, ax i s=0)
166 s e l f . c o s t s i t e r = [ [ ] , [ ] ]
167

168 de f p l o t c l u s t e r s ( s e l f , km=False , gmm=False ) :
169 ”””
170 a s c a t t e r p l o t o f the data po in t s showing the t rue c l u s t e r ass ignment o f each
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point .
171 Also p l o t a s c a t t e r p l o t o f K mean or gauss ian mixtures .
172 ”””
173 f 2 = p l t . f i g u r e ( )
174 ax2 = f2 . add subplot (111)
175 f o r i in range ( s e l f .D) :
176 p l t . s c a t t e r ( s e l f . data [ s e l f . c l u s t e r s == i ] [ : , 0 ] , s e l f . data [ s e l f . c l u s t e r s == i

] [ : , 1 ] , c=COLORS[ i ] )
177 p l t . s c a t t e r ( s e l f . i n i t i a l s [ ’MIU ’+s t r ( i +1) ] [ 0 ] , s e l f . i n i t i a l s [ ’MIU ’+s t r ( i +1)

] [ 1 ] , marker=’ ∗ ’ , c=COLORS[ 2 ] , s=150)
178 p l t . t i t l e ( ” Scat ta r Plot o f Data Points ( Or i g i na l ) ” )
179 i f km or gmm:
180 name = ”K mean” i f km e l s e ”Gaussian Mixtures ”
181 p l t . s c a t t e r ( s e l f . miu hat [ : , 0 ] , s e l f . miu hat [ : , 1 ] , marker=’ ˆ ’ , c=COLORS[ 3 ] , s

=100)
182 p l t . t i t l e ( ” Scat ta r Plot o f Data Points ({} ) ” . format (name) )
183

184 de f m i s c l a s s i f i c a t i o n e r r o r ( s e l f ) :
185 r e turn (np . sum( s e l f . c l u s t e r s [ : i n t ( s e l f .N/2) ] == 1) + np . sum( s e l f . c l u s t e r s [ i n t (

s e l f .N/2) : ] == 0) ) / s e l f .N
186

187

188 c l a s s KMean(EM) :
189 de f i n i t ( s e l f , i n i t i a l s , c1 , c2 ) :
190 super ( ) . i n i t ( i n i t i a l s , c1 , c2 )
191

192 de f co s t ( s e l f ) :
193 co s t = 0
194 f o r i in range ( s e l f .D) :
195 co s t += np . sum(np . l i n a l g . norm( s e l f . data [ s e l f . c l u s t e r s == i ] − s e l f . miu hat [ i ] ,

a x i s=1) ∗∗ 2)
196 r e turn co s t
197

198 de f km e step ( s e l f ) :
199 d i s t an c e s = np . z e r o s ( ( s e l f .N, 2) )
200 f o r i in range ( s e l f .D) :
201 d i s t an c e s [ : , i ] = np . l i n a l g . norm( s e l f . data − s e l f . miu hat [ i ] , a x i s=1)
202 s e l f . c l u s t e r s = np . argmin ( d i s tance s , ax i s=1)
203

204 de f km m step ( s e l f ) :
205 f o r i in range ( s e l f .D) :
206 s e l f . miu hat [ i ] = np .mean( s e l f . data [ s e l f . c l u s t e r s == i ] , ax i s=0)
207

208 de f t r a i n ( s e l f , max i ter=100) :
209 i = 1
210 whi le i <= max iter :
211 s e l f . km e step ( )
212 s e l f . km m step ( )
213 s e l f . c o s t s i t e r [ 0 ] . append ( s e l f . c o s t ( ) )
214 s e l f . c o s t s i t e r [ 1 ] . append ( i )
215 i += 1
216 f 3 = p l t . f i g u r e ( )
217 ax3 = f3 . add subplot (111)
218 p l t . p l o t ( s e l f . c o s t s i t e r [ 1 ] , s e l f . c o s t s i t e r [ 0 ] )
219 p l t . t i t l e ( ”K mean\n Cost vs The number o f i t e r a t i o n s ” )
220 p l t . x l ab e l ( ”The number o f i t e r a t i o n s ” )
221 p l t . y l ab e l ( ”Cost” )
222 s e l f . p l o t c l u s t e r s (km=True )
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223 pr in t ( ” m i s c l a s s i f i c a t i o n e r r o r f o r k mean : ” + s t r ( s e l f . m i s c l a s s i f i c a t i o n e r r o r
( ) ) )

224

225

226 c l a s s GaussianMixtures (EM) :
227 de f i n i t ( s e l f , i n i t i a l s , c1 , c2 ) :
228 super ( ) . i n i t ( i n i t i a l s , c1 , c2 )
229 # I n i t i a l va lue s f o r Gaussian mixtures
230 s e l f . s imga hat = [ np . eye ( s e l f .D) ] ∗ 2
231 s e l f . p i ha t = [ 0 . 5 , 0 . 5 ] # Mixing propor t i on s
232 s e l f .R = np . z e r o s ( ( s e l f .N, 2) ) # This i s the p o s t e r i o r / r e s p o n s i b i l i t i e s
233 s e l f . N k = [ ] # The number o f data in c l a s s K
234

235 de f normal dens i ty ( s e l f , X, miu , sigma ) :
236 ”””
237 This i s a v e c t o r i z ed normal densitym , where X i s N∗D, miu i s 1∗D, sigma i s D∗D
238 Output i s N∗1 , where each element i s a pdf va lue .
239 ”””
240 constant = 1 / np . sq r t ( (2 ∗ np . p i ) ∗∗ s e l f .D ∗ np . l i n a l g . det ( sigma ) )
241 r e turn constant ∗ np . diag (np . exp (−0.5 ∗ np . dot (np . dot ( (X − miu) , np . l i n a l g . inv (

sigma ) ) , (X − miu) .T) ) )
242

243 de f l o g l i k e l i h o o d ( s e l f ) :
244 normal sum = np . z e r o s ( s e l f .N)
245 f o r i in range ( s e l f .D) :
246 normal sum += s e l f . p i ha t [ i ] ∗ s e l f . normal dens i ty ( s e l f . data , s e l f . miu hat [ i ] ,

s e l f . s imga hat [ i ] )
247 r e turn np . sum(np . l og ( normal sum ) )
248

249 de f em e step ( s e l f ) :
250 f o r i in range ( s e l f .D) :
251 s e l f .R [ : , i ] = s e l f . p i ha t [ i ] ∗ s e l f . normal dens i ty ( s e l f . data , s e l f . miu hat [ i

] . reshape ( ( 1 , 2 ) ) , s e l f . s imga hat [ i ] )
252 # Normalize R
253 s e l f .R = ( s e l f .R.T / np . sum( s e l f .R, ax i s=1) ) .T
254 # as s i gn datapo int s to each gauss ian
255 s e l f . N k = np . sum( s e l f .R, ax i s = 0)
256

257 de f em m step ( s e l f ) :
258 f o r i in range ( s e l f .D) :
259 s e l f . miu hat [ i ] = 1 . / s e l f . N k [ i ] ∗ np . sum( s e l f .R [ : , i ] ∗ s e l f . data .T, ax i s

=1) .T
260 d i f f = s e l f . data − s e l f . miu hat [ i ]
261 s e l f . s imga hat [ i ] = 1 . / s e l f . N k [ i ] ∗ np . dot (np . mult ip ly ( d i f f .T, s e l f .R [ : , i

] ) , d i f f )
262 s e l f . p i ha t [ i ] = s e l f . N k [ i ] / s e l f .N
263

264 de f t r a i n ( s e l f , max i ter=100) :
265 i = 1
266 whi le i <= max iter :
267 s e l f . em e step ( )
268 s e l f . em m step ( )
269 s e l f . c o s t s i t e r [ 0 ] . append ( s e l f . l o g l i k e l i h o o d ( ) )
270 s e l f . c o s t s i t e r [ 1 ] . append ( i )
271 i += 1
272 f 4 = p l t . f i g u r e ( )
273 ax4 = f4 . add subplot (111)
274 p l t . p l o t ( s e l f . c o s t s i t e r [ 1 ] , s e l f . c o s t s i t e r [ 0 ] )
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275 p l t . t i t l e ( ”Gaussian Mixtures \n log l i k e l i h o o d vs The number o f i t e r a t i o n s ” )
276 p l t . x l ab e l ( ”The number o f i t e r a t i o n s ” )
277 p l t . y l ab e l ( ” l og l i k e l i h o o d ” )
278 s e l f . c l u s t e r s = np . argmax ( s e l f .R, ax i s=1)
279 s e l f . p l o t c l u s t e r s (gmm=True )
280 pr in t ( ” m i s c l a s s i f i c a t i o n e r r o r f o r gmm: ” + s t r ( s e l f . m i s c l a s s i f i c a t i o n e r r o r ( ) ) )
281

282

283 i f name == ’ ma in ’ :
284 s t a r t = time . time ( )
285 pr in t ( ” load ing data . . . ” )
286 N data , t ra in images , t r a i n l a b e l s , t e s t images , t e s t l a b e l s = load mnis t ( )
287 t r a i n l a b e l s = np . argmax ( t r a i n l a b e l s , ax i s=1)
288 t e s t l a b e l s = np . argmax ( t e s t l a b e l s , ax i s=1)
289

290 pr in t ( ” t r a i nn ing a Naive Bayes model . . . ” )
291 nb model = NaiveBayes ( t ra in images , t r a i n l a b e l s )
292 theta map = nb model . map naive bayes ( p l o t=True )
293 nb model . p r ed i c t ( t ra in images , t r a i n l a b e l s , theta map , t r a i n=True )
294 nb model . p r ed i c t ( t e s t images , t e s t l a b e l s , theta map , t e s t=True )
295

296 pr in t ( ” t r a i n i n g a gene ra t i v e Naive Bayes model . . . ” )
297 gnb = GenerativeNaiveBayes ( theta map )
298 gnb . sample p lo t ( )
299 gnb . p r e d i c t h a l f ( t r a in image s [ : 2 0 , : 3 9 2 ] )
300

301 pr in t ( ” t r a i n i n g a softmax model . . . ” )
302 l r mode l = Log i s t i cReg r e s s i on ( t ra in images , t r a i n l a b e l s )
303 l r mode l . p r ed i c t ( t ra in images , t r a i n l a b e l s , t r a i n=True )
304 l r mode l . p r ed i c t ( t e s t images , t e s t l a b e l s , t e s t=True )
305

306 pr in t ( ” t r a i n i n g K mean and GMM algor i thms . . . ” )
307 i n i t i a l s = { ’Nk ’ : 200 ,
308 ’MIU1 ’ : np . array ( [ 0 . 1 , 0 . 1 ] ) ,
309 ’MIU2 ’ : np . array ( [ 6 . , 0 . 1 ] ) ,
310 ’COV’ : np . array ( [ [ 1 0 . , 7 . ] , [ 7 . , 1 0 . ] ] ) ,
311 ’MIU1 HAT ’ : np . array ( [ 0 . , 0 . ] ) ,
312 ’MIU2 HAT ’ : np . array ( [ 1 . , 1 . ] )
313 }
314 # Sampling data from a mu l t i v a r i a t e guass ian d i s t r i b u t i o n
315 c1 = np . random . mul t i va r i a t e norma l ( i n i t i a l s [ ’MIU1 ’ ] , i n i t i a l s [ ’COV’ ] , i n i t i a l s [ ’Nk

’ ] )
316 c2 = np . random . mul t i va r i a t e norma l ( i n i t i a l s [ ’MIU2 ’ ] , i n i t i a l s [ ’COV’ ] , i n i t i a l s [ ’Nk

’ ] )
317 kmean = KMean( i n i t i a l s , c1 , c2 )
318 kmean . p l o t c l u s t e r s ( )
319 kmean . t r a i n ( )
320 gmm = GaussianMixtures ( i n i t i a l s , c1 , c2 )
321 gmm. t r a i n ( )
322 end = time . time ( )
323 pr in t ( ” running time : {} s ” . format ( round ( end − s t a r t , 2) ) )
324 p l t . show ( )
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